Theorem: The Well-Ordering Principle (WOP) implies Mathematical Induction (Ml), and vice versa.
The proof of this will be in two parts, this being Part 1: WOP imples MI.

The Well-Ordering Principle (WOP) can be stated simply: Every subset of the positive integers
has a least element, which is common sense.

Mathematical Induction (MI) is a tad trickier: Every subset of the positive integers S that contains
1 and has the property that if keS then k + 1 € S, then S is all of the positive integers, or IN.
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S is a subset of IN such that it contains 1 and has the property that if keS thenk + 1 €S.

elementof IN\ S.

By WOP, there exists an m, the least
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Sincel€ S,
1¢IN\S.

Therefore m # 1.
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Therefore, all the
elements of |N less
than marein S.

But,t a+1=melN\S.

Therefore, 4 a € S such
that a = m = 1, or rather,
m=a+1.
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But, because of how S
is defined, @a € S
impliesthat 2 + 1 € S.




Theorem: The Well-Ordering Principle (WOP) implies Mathematical Induction (MI), and vice versa.
The proof of this will be in two parts, this being Part 2: Ml implies WOP.

The Well-Ordering Principle (WOP) can be stated simply: Every subset of the positive integers
has a least element, which is common sense.

Mathematical Induction (MI) is a tad trickier: Every subset of the positive integers S that contains
1 and has the property that if keS then kK + 1 € S, then S is all of the positive integers, or IN.

Let S be a nonempty subset of IN, then S has a least element.

(Start)

Let S be a nonempty subset of IN.

’

Let n, k be elements of IN.

'

Let P(n) be the proposition that if n is an element of S
then S has a least element.

.

Our proof will use induction on n, with base case n = 1. P(1) is true
because forallnin [N, 1 =< n. We need to show that for arbitrary
k in IN that if P(k) is true, then P(k+1) is also true. More specifically,
we need to show that

P(1) A P(2) A *** A P(k) = P(k+1).

\

So, suppose that P(1) A P(2) A *++ A P(k) istrueandthat k + 1€ S .

Then k + 1
is the least
element of S.
T
Inductive Hypothesis
Y
Then P(a)

> Then P(k+1 >/ ..
is true. ( ) \\Do@

is true.




